Benchmark calculations of the total and transition energies of the four lowest 1 S states of the beryllium atom are performed. The computational approach is based on variational calculations with finite mass of the nucleus. All-particle explicitly correlated Gaussian (ECG) functions are used to expand the total non-Born-Oppenheimer nonrelativistic wave functions and the ECG exponential parameters are optimized using the standard variational method. The leading relativistic and quantum electrodynamics energy corrections are calculated using the firstorder perturbation theory. A comparison of the experimental transition frequencies with the ones calculated in this work shows excellent agreement. The deviations of 0.02-0.09 cm −1 are well within the estimated error limits for the experimental values.
I. INTRODUCTION
The purpose of the present work is to demonstrate the efficiency of the all-electron explicitly correlated Gaussian (ECG) functions in variational calculations of ground and excited atomic states and obtain highly accurate benchmark results for one of the most heavily used materials of electronic structure theory and experiment [1] : the beryllium atom. In this work we consider the ground and three lowest excited 1 S states of Be. The common wisdom is that, due to quadratic dependence of the Gaussian exponent on the interparticle (electron-electron and electron-nucleus) distances, the ECGs are inefficient in representing the long-distance behavior of the wave function and the electron-nucleus and electronelectron cusps being described by the Kato conditions. In this work we show that slowly growing the basis set for each of the considered states and thoroughly optimizing the Gaussian exponential parameters with a procedure that employs the analytical energy gradient determined with respect to these parameters can produce results which are very close to exact.
Quantum-mechanical calculations of the beryllium atom have a long history of successive improvements . Recently, there have been several works where the accuracy of the nonrelativistic energies of the few lowest bound states approaches or exceeds one part per 10 9 [27, [29] [30] [31] . Most of these ultrahigh-accuracy calculations have been performed using ECGs. The ECG-expanded wave functions obtained variationally at the nonrelativistic level have been used to calculate the leading relativistic and quantum electrodynamic (QED) corrections. As these corrections are represented by highly singular operators, it is important that the wave functions used in their calculations are very accurate. There are two main * istvan.hornyak@nu.edu.kz † ludwik@email.arizona.edu ‡ sergiy.bubin@nu.edu.kz differences between the way our atomic ECG calculations are performed and the calculations performed by others [29, 30] which make our nonrelativistic wave functions potentially more accurate. First, the nonrelativistic Hamiltonian used in our calculations explicitly depends on the finite nuclear mass (FNM). Thus, the FNM effects are included nonperturbatively in both the total nonrelativistic energy and the wave function. These effects are also explicitly included in the relativistic and QED corrections. Second, the use of the energy gradient significantly accelerates the convergence of the variational minimization of the nonrelativistic energy and allows for achieving very accurate results much faster than when the gradient is not used.
II. FORMALISM
In our recent work on the ground and excited 1 S states of 10 B and 11 B boron isotopes [32] , we described a computational approach for calculating such states, which was an improvement on the approach presented earlier [31] in the work on the lowest 1 S states of 9 Be. Some important refinements are implemented in the present approach. They include the Araki-Sucher and Kabir-Salpeter terms, which appear in the QED correction. The terms are implemented within the non-Born-Oppenheimer (non-BO) approach. Also, the computer code is made more efficient in terms of its parallel performance. Moreover, the regularization approach (commonly called drachmanization [33, 34] ) is implemented in the calculation of certain expectation values, including those used in the calculations of relativistic and QED corrections, using the non-BO wave functions. Our approach allows one to extend the range of the calculations to a fiveelectron atom with an accuracy similar to that achieved in our Be calculations performed previously. In present work, the upgraded approach is applied to recalculate the four lowest 1 S states of the beryllium atom and much improved results are obtained.
The 9 Be atom is a five-particle system with four electrons and a nucleus. We start by writing the complete nonrelativistic Hamiltonian H of this system using a set of 15 laboratoryframe Cartesian coordinates R i , i = 1, . . . , 5, where R i is the position vector of particle i in the laboratory Cartesian coordinate system. After separating out the motion of the center of mass, the five-particle problem is reduced to an effective four-particle problem. The separation is achieved by transforming H from the laboratory coordinate system to a new set of Cartesian coordinates whose first three (r 0 ) are the center-of-mass coordinates in the laboratory coordinate frame and the remaining 15 − 3 = 12 are so-called internal coordinates (r, i = 1, . . . , 4). The center of the internal coordinate system is placed at the nucleus and the vector r i is the position vector of particle i + 1 (electron) with respect to particle 1 (the nucleus). The separation is rigorous and results in H splitting into the Hamiltonian representing the kinetic energy of the center-of-mass motion and the internal nonrelativistic Hamiltonian H nr , which for the beryllium atom in atomic units (a.u.) is
where, in atomic units, q 0 = 4 is the charge of the nucleus, q 1 = q 2 = q 3 = q 4 = −1 are the charges of the electrons, m 0 = 16 424.2055 is the mass of the 9 Be nucleus, and μ i = m 0 m i /(m 0 + m i ) are the reduced electron masses with m 1 = m 2 = m 3 = m 4 = 1. The position vectors of the electrons with respect to the nucleus are r i , where i = 1, 2, 3, and 4, r i are their lengths, and the distances between the electrons are r i j = |r j − r i |. The effect of the finite nuclear mass is represented by the mass-polarization term and the presence of the reduced masses in the kinetic-energy operator. The Hamiltonian (1) represents the total nonrelativistic energy of a system of four particles that can be called pseudoparticles, as, while their charges are the charges of the electrons, their masses are not electron masses but reduced masses. In this work, the following explicitly correlated all-particle Gaussian functions (ECGs) are used for expanding the spatial parts of the wave functions of the 1 S states of 9 Be,
where ⊗ denotes the Kronecker product, r is a 12 × 1 vector of the internal Cartesian coordinates of the pseudoparticles, L k is a lower triangular matrix of nonlinear variation parameters (4 × 4 matrix), and I 3 is the 3 × 3 identity matrix. Square integrability of the Gaussian is ensured by the Choleskyfactored form of the L k L k product.
In the nonrelativistic calculations performed in this work we use the standard variational method and each state is calculated separately and independently. The nonlinear parameters, i.e., the matrix elements of L k , and the linear coefficients in the expansion of the wave function in terms of ECGs are determined by performing minimization of the nonrelativistic total internal energy. This minimization is a multistep approach that employs the analytic gradient of the energy determined with respect to the ECG nonlinear parameters [35] . The use of the gradient in the minimization considerably reduces the computational cost because the minimization process is significantly accelerated [36, 37] .
Even though the optimization of the ECG basis set and the generation of the wave functions for each state are carried out in separate calculations, the procedure used makes the calculated wave function orthogonal to the wave functions of all lower states expressed in terms of the basis set used in the calculation. Thus, all total energies obtained in this work are strict upper bounds to the corresponding exact energy values. However, the final wave functions obtained for different states are not, strictly speaking, exactly orthogonal to each other, as they are obtained in different basis sets generated for each state in separate calculations. As the total energies of the four states considered are uniformly very well converged, the deviation from the exact orthogonality should be very small.
In the present calculations we use the spin-free formalism to ensure the correct permutational symmetry properties of the wave function. In this formalism, an appropriate symmetry projector is constructed and applied to each basis function (2) . In constructing the symmetry projector the standard procedure involving Young operators (as described, for example, in Ref. [38] ) is used. In the case of the 1 S states of beryllium, the permutation operator can be chosen to be (1 − P 24 )(1 − P 35 )(1 + P 23 )(1 + P 45 ), where P i j denotes the permutation of the spatial coordinates of the ith and jth particles (particle 1 is the nucleus). The above projector yields 4! = 24 terms for each matrix element of the overlap, Hamiltonian, and all other relevant operators.
The most practical approach to account for relativistic and QED effects for light atoms is to expand the total energy in powers of the fine-structure constant α [39, 40] ,
where E nr is an eigenvalue of the nonrelativistic Hamiltonian (1), α 2 E (3) rel includes the leading relativistic correction, and the leading-and higher-order QED corrections are represented by α 3 E (3) QED and α 4 E (4) HQED , respectively. In calculating the relativistic effects we use the Dirac-Breit Hamiltonian in the Pauli approximation [41, 42] transformed from the laboratory coordinates to the internal coordinates. For the 1 S states considered in the present work, H rel includes the massvelocity H MV , Darwin H D , orbit-orbit H OO , and spin-spin H SS terms:
Their explicit form is given by [35] 
and
where δ(r) is the Dirac delta function and s i are spin operators for individual electrons. For the states considered in this work,
The leading QED correction for the beryllium atom that accounts for the two-photon exchange, the vacuum polarization, and the electron self-energy effects is expressed as
Here the first sum represents the Araki-Sucher term [43] [44] [45] [46] [47] , while the expectation value of P(r −3 i j ) is defined as
where is the Heaviside step function and γ = 0.5772 . . . is the Euler-Mascheroni constant. The numerical values of the conversion factor from a hartree to a wave number and of the fine-structure constant used in present work are 1hartree = 2.194 746 313 705 × 10 5 cm −1 and α = 7.297 352 537 6 × 10 −3 , respectively. In the present calculations, we use the values of the Bethe logarithm ln k 0 , which are presented in Table I . The values were calculated in a previous work [31] . The higher-order QED (HQED) correction is calculated using the following approximate formula developed by Pachucki and Komasa [22, 48] : 
III. RESULTS
In the first step of the present calculations the ECG basis set is grown up to a size of 7000 ECGs for each state using the variational method and the internal Hamiltonian (1) that 032504-3 (7) represents the total internal nonrelativistic energy of 9 Be. Our goal is to obtain the most converged energies possible using the fewest basis functions. Achieving the goal has required several months of continuous calculations. The end results are the lowest nonrelativistic variational energies for all four lowest 1 S states of the beryllium. It is remarkable that only 7000 ECGs are used for each state, which is fewer than in our previous work [31] , where we generated basis sets of 10 000 ECGs for the same states. At the same time the accuracy of the nonrelativistic energies is increased by nearly one and two orders of magnitude for the third excited state and ground excited state, respectively. All calculations are performed using 80-bit extended precision arithmetic. Once the basis sets for the considered states are generated, they are used to perform calculations for the beryllium atom with INM ∞ Be. This is done to make a direct comparison with the best literature energies obtained in calculations, where in the first step the INM nonrelativistic energy (i.e., the energy of ∞ Be) is obtained for each state and the corrections due the finite nuclear mass are calculated using the perturbation theory. For example, this type of approach was used in recent calculations of 2 1 S, 3 1 S, and 2 1 P states of beryllium [29] . A comparison of the ground-state nonrelativistic energies for ∞ Be obtained with various theoretical methods is given in Table II . This table illustrates the progress made in the groundstate beryllium calculations over the past seven decades.
In Table III the nonrelativistic energies E nr and some key expectation values for the lowest four 1 S states of beryllium obtained in the present calculations are shown. These expectation values include the mass-velocity correction, the Dirac δ functions, the orbit-orbit correction, and the Araki-Sucher distribution, denoted by H MV , δ (r i ) and δ (r ij ) , H OO , and P (1/r 3 ij ) , respectively. The tilde on an expectation value denotes the fact that it was computed using the regularization in the spirit of Refs. [33, 34] . Table III shows the convergence of the nonrelativistic energies and the expectation values of 9 Be with the number of basis functions.
The nonrelativistic energies for states 2 1 S and 3 1 S can be compared with the values reported by Puchalski et al. [29] and obtained by extrapolating their calculated results to an infinite number of basis functions. For the ground (2 1 S) state their extrapolated value of −14.667 356 498(3) hartree is slightly higher than the result of −14.667 356 507 hartree we obtain with 7000 ECGs and also slightly higher than our extrapolated value of −14.667 356 508(1) hartree, which suggests that a somewhat too optimistic numerical error bar was used in that work. For the first excited (3 1 S) state, our best variational energy is −14.418 240 364 hartree and the extrapolated value is −14.418 240 368(2), while the extrapolated value in [29] is −14.418 240 37 (5) . It is also interesting to compare the present nonrelativistic energies obtained with 7000 ECGs with our previous results obtained with 10 000 ECGs [31] . This comparison shows that the strategy used for the optimization of the nonlinear Gaussian parameters has a dramatic effect on the number of functions in the basis set and on the final energy. The total nonrelativistic variational energies of 9 Be obtained in the present work for all four states considered are noticeably lower than the previous energies obtained with 10 000 ECGs. The energy improvement increases with the level of excitation. For the ground 2 1 S state our present 9 The comparison shows that by investing more effort into the optimization of the ECG nonlinear parameters one gets a much more compact basis set and an improved energy. Table IV shows the expectation values of some powers of the interparticle distances r p i and r p i j , p = −2, −1, 1, 2, for the four lowest 1 S states of the 9 Be isotope of the beryllium atom. The results obtained for different basis-set sizes allow for assessing the convergence of the expectation values. The results obtained with an infinite nuclear mass are also shown. Looking at the table, one may find it interesting that the average nucleus-electron distance and the average electronelectron distance for all four states decrease slightly when the nuclear mass changes from the finite value to infinity.
In Table V we show the transition energy values calculated using the infinite-nuclear-mass and finite-nuclear-mass nonrelativistic energies and with the energies that include the relativistic and QED corrections. In the table, the transition energies derived from experimental data are also shown. The latter are taken from the paper of Kramida and Martin [51] . The experimental data were originally obtained by Johansson [52] . The accuracy of the experimental results can be estimated based on Johansson's statement, which can be found in his paper, that the error in his transition energy measurement should be less than 0.05cm −1 . As each experimental transition included in Table V is determined indirectly from two mP ← nS transitions, it is reasonable to assume the experimental uncertainty to be about 0.1cm −1 or less.
The nonlinear least-squares fitting procedure is used to extrapolate the total energies to an infinite number of basis functions. Based on the extrapolated energy values, the errors in the transition energies, shown in Table V , are estimated. It needs to be said that, as the extrapolation procedure is somewhat arbitrary, the errors shown in the table should be considered as approximations.
As one can see, the energies for the 2 1 S ← 3 1 S, 3 1 S ← 4 1 S, and 4 1 S ← 5 1 S transitions calculated using the FNM nonrelativistic energies augmented with the relativistic and QED corrections differ from the experimental results by 0.09, 0.02, and 0.03 cm −1 , respectively. This shows that the calculated expectation values are within the error limits of the experimental data.
Nucleus-electron and electron-electron pair correlation functions are shown in Figs. 1 and 2 , respectively. The pair correlation functions are defined as g i (r) = δ(r i − r) for the nucleus and an electron and by g i j (r) = δ(r i j − r) , where i, j = 1, . . . , n and i = j, for a pair of electrons. The g i (r) function represents the probability density of particles 1 (the nucleus) and i + 1 (an electron) to be found at a distance r from each other. Here g i j (r) represents the probability of particles i + 1 and j + 1 (two electrons) to be separated by distance r. So g ee ≡ g i j and g ne ≡ g i . Both correlation functions g ne (r) and g ee (r) are multiplied by 4π r 2 to convert them to properly normalized radial distributions. The 1 S states are spherically symmetric and so are the pair correlation functions.
The density of particle i in the center-of-mass (c.m.) coordinate frame is defined as ρ i (r) = δ(R i − r 0 − r) , where i = 1, . . . , N and r 0 is the position vector of the center of mass in the laboratory coordinate frame. The densities of the nucleus for the four considered states in the c.m. frame are shown in Fig. 3 and the electron densities are shown in Fig. 4 . In both cases, the densities are multiplied by 4π r 2 to convert them to radial densities.
The c.m.-frame plots of the nucleus and electron density provide an interesting representation of the coupled motion of the nucleus and the electrons in the beryllium atom. This motion is a concerted motion of all particles forming the atom around center of mass of the system. Hence, if the atom is excited to increasingly higher state (from the ground 1 S state nuclear density (Fig. 3) with the c.m.-frame electronic density (Fig. 4) .
IV. SUMMARY
This work features very accurate quantum-mechanical calculations of the four lowest 1 S states of the beryllium atom. The calculations were performed in the basis set of an allelectron explicitly correlated Gaussian basis set using an approach where the finite mass of the nucleus is a part of the formalism from its first step, i.e., the variational calculation of the nonrelativistic energy and the corresponding wave function of the system (the finite-nuclear-mass approach). The characterization of the four states includes the calculations of the leading relativistic and QED corrections, which was done using the perturbation theory with the zeroth-order wave function being the FNM nonrelativistic wave function in the calculation of the relativistic corrections and the INM wave function in the calculation of the QED corrections. The total energies of the four states that include the nonrelativistic energy and the relativistic and QED corrections were used to calculate the transition energies between each pair of adjacent states. The calculated transition energies were compared with the most accurate experimental values and the two sets of results were shown to agree within 0.02-0.09 cm −1 . The characterization of the four states also includes calculations of expectation values of powers of interparticle distances and of operators representing terms appearing in the relativistic and QED corrections. We also computed and plotted the nucleus-electron and electron-electron densities, as well as the densities of the nucleus and the electrons in the center-of-mass coordinate frame. The latter densities describe the coupled nucleus-electron motion in the atom as the motion of two types of particles around the center of mass. The number of maxima in the c.m.-frame electron density for a particular state is, as expected, the same as the number of maxima in the nuclear density, but due to the large nucleus-to-electron mass ratio the electron density radius is much larger than the nuclear density radius.
An important conclusion that can be drown from the present calculations concerns the relation between the size of the ECG basis set, the strategy for the basis set optimization, and total variational energy. The results show that it is possible to obtain a very compact ECG basis set and a very accurate energy if, in the process of growing the basis set, only a few functions are added to the set at a time and after the addition the whole basis set is reoptimized several times with a tight optimization threshold. The total nonrelativistic energies obtained in this work for all four lowest 1 S states of the beryllium atom are better than obtained previously and represent newer benchmark values. As this atom becomes somewhat of a model for testing new methods for atomic calculations, improved results such as those obtained in the present work may provide a useful reference.
